Kinetics of a Particle:
Work and Energy

CHAPTER OBJECTIVES

* To develop the principle of work and energy and apply it to solve
problems that involve force, velocity, and displacement.

* To study problems that involve power and efficiency.

* To introduce the concept of a conservative force and apply the
theorem of conservation of energy to solve kinetic problems.

14.1 The Work of a Force

In this chapter, we will analyze motion of a particle using the concepts of
work and energy. The resulting equation will be useful for solving
problems that involve force, velocity, and displacement. Before we do
this,however, we must first define the work of a force. Specifically, a force
F will do work on a particle only when the particle undergoes a
displacement in the direction of the force. For example, if the force F in
Fig. 14-1 causes the particle to move along the path s from position r to
a new position r’, the displacement is then dr = r' = r. The magnitude
of dr is ds, the length of the differential segment along the path. If the
angle between the tails of dr and F is 8, Fig. 14-1, then the work done by
F is a scalar quantity, defined by

dU = Fdscos o

Fig. 14-1
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By definition of the dot product (see Eq. B-14) this equation can also
be written as

dl = F-dr

This result may be interpreted in one of two ways: either as the
product of F and the component of displacement dscosf in the
direction of the force, or as the product of ds and the component of force,
F cos @, in the direction of displacement. Note that if 0° = 6 < 907, then
the force component and the displacement have the same sense so that
the work is positive; whereas if 90° < 8 = 1807, these vectors will have
opposite sense, and therefore the work is negative. Also, dU = 0 if the
force is perpendicular 1o displacement, since cos 90° = 0, or if the force
is applied at a fixed point, in which case the displacement is zero.

The unit of work in SI units is the joule (J), which is the amount of
work done by a one-newton force when it moves through a distance of
one meter in the direction of the force (1J = I N-m). In the FPS§
system, work is measured in units of foot-pounds (ft+1b), which is the
work done by a one-pound force acting through a distance of one foot in
the direction of the force.*

Fig. 14-1

Work of a Variable Force. If the particle acted upon by the
force F undergoes a fimite displacement along its path from ry to r; or 5
to s, Fig. 14-2a, the work of force F 5 determined by integration.
Provided F and 6 can be expressed as a function of position, then

5 15
U|_;=/ F-dr=/Fcusﬂds (14-1)
Ll ¥

Sometimes, this relation may be obtained by using experimental data
to plot a graph of F cos @ vs. s. Then the area under this graph bounded
by s, and 5, represents the total work, Fig. 14-2b,

Foosa /
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Fig. 14-2

*By convention, the units for the moment of a force or lorque are writlen as [b-fi, 1o
distinguish them from those used to sigmly work, 11+ 1h,
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Work of a Constant Force Moving Along a Straight Line.
If the force F, has a constant magnitude and acts at a constant angle #
from its straight-line path, Fig. 14-3a, then the component of F, in the
direction of displacement is always F, cos #. The work done by F. when
the particle i1s displaced from 5, to s; is determined from Eq. 14-1, in
which case

L

Uy, = f;cmaf ds

or

U|_g = Ff'l:ﬂﬁﬂ[-lz_ﬁ} [I-I—E}

Here the work of F,. represents the area of the rectangle in Fig. 14-3b.

Work of a Weight. Consider a particle of weight W, which moves
up along the path s shown in Fig. 14— from position s, to position s;. At
an intermediate point, the displacement dr = dxi + dyj + dzk. Since
W = —Wj, applying Eq. 14-1 we have

Uy = /ijr = f_{—Wj}-{d.ﬁ + dyj + dzk)

- [(way=-win -

or

Uy-2 = =W Ay | (14-3)

Thus, the work is independent of the path and is equal to the magnitude
of the particle’s weight times its vertical displacement. In the case shown
in Fig. 14-4 the work is negative, since W is downward and Ay is upward.
Note, however, that if the particle is displaced downward (—Ay), the
work of the weight is positive. Why?

5y

i
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Fig. 14-4
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172 CHarTEr 14  KineTics oF & ParTicLe: Work aND ENERGY

Work of a Spring Force. If an elastic spring is elongated a
distance ds, Fig. 14-5a, then the work done by the force that acts on the
attached particle is d/ = ~ Fds = <ks ds. The work is negative since F,
acts in the opposite sense w ds. If the particle displaces from s, 10 53, the

work of F, 15 then
Uy = f Fydy = f —~kx ds

Uyy = =(}ksi = Yksf) (14-4)

This work represents the trapezoidal area under the line F, = ks,
Fig. 14-5b.

A mistake in sign can be avoided when applying this equation if one
simply notes the direction of the spring force acting on the particle and
compares it with the sense of direction of displacement of the particle —
if both are in the same sense, positive work results; if they are opposite to
one another, the work is negative.

Unstretched .
position, s = 0 F,
F=k
- '---H
s o -
' o e
' 9 |
F, . 5
& ; ¥ 53
Force on
Particle (b
(2 Fig. 14-5

The forees acting on the cart as it is pulled
a distance s up the incling, are shown on
its free-body diagram. The constant
towing force T does positive work of
Up = (Tcosd)s, the weight does
negative work of Uy = —(W sinf)s,
and the normal force N does no work
gince there is no displacement of this
force along its line of action.
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EXAMPLE |14.1

The 10-kg block shown in Fig. 14-6a rests on the smooth incline. If the
spring is originally stretched 0.5 m, determine the total work done by
all the forces acting on the block when a horizontal force P = 400N
pushes the block up the plane s = 2 m.

2 gin 30X m

SOLUTION
First the free-body diagram of the block is drawn in order to account
for all the forces that act on the block, Fig. 14-6b.

Horizontal Force P. Since this force is constamt, the work is
determined using Eq. 14-2. The result can be calculated as the force
times the component of displacement in the direction of the force; i.e.,

Up = 400N (2 mcos 30°) = 692.8)

or the displacement times the component of force in the direction of
displacement, i.c.,

Up = 400 Ncos 30°(2 m) = 6928

Spring Force F,. In the initial position the spring is stretched
5y = 0.5 m and in the final position it is stretched s; = 05m + 2m =
2.5m. We require the work to be negative since the force and
displacement are opposite to each other. The work of F, is thus

U, = ~[}(30 N/m)(25 m)? - 430 N/m)(0.5 m)?] = —90

Weight W. Since the weight acts in the opposite sense to its vertical
displacement, the work is negative; i.e.,

Uw = —(98.1 N) (2 msin 30°) = —98.1J

Note that it is also possible to consider the component of weight in the
direction of displacement; i.c.,

Uw = —(98.1sin 30° N) (2m) = —98.1 ]

Normal Force Ng. This force does no work since it is always
perpendicular to the displacement.

Total Work. The work of all the forces when the block is displaced
2 m is therefore

Ur =6928] - 90J - 981) = 5051] Ans.

i=32m

L 2cos P m

gR.1 N

Ny

P o= 400 N

k= 30N /m

P = 400N

Initinl
position of spring
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14,3 PrNCIPLE OF WoRK AMD ENERGY FOR A SYSTEM OF PARTCLES 183

. FUNDAMENTAL PROBLEMS

Fld4-1, The spring is placed between the wall and the 10-kg Fl4-4. The 18-Mg dragster is traveling at 125 myfs when
block, If the block is subjected to a force of F = S00N, the engine is shut off and the parachute is released. If the
determine its velocity when s = 0.5m, When 5 = 0, the drag force of the parachute can be approximated by the
block is at rest and the spring is uncompressed. The conlact graph, determine the speed of the dragster when it has

surince is smooth, traveled 400 m.

Fy (kM)

5’“ \

1]

Fld-1 : §im)

Fld-1 1l the motor exerts a constant force of 300 N on the 400

cable, determine the speed of the 20-kg crate when it travels Fld-4

& = 10 m up the plane, starting from rest. The coefficient of Flé-5. When 1 = 06 m, the s unstreiched and the
kinetie friction between the crate and the plane is gy = 0.3, 10-kg block h.: & .P“dmﬂ 5 r,':n:uw:“l'h::l:mul: plane.
Determing the distance s when the block stops.

Fl4-2
Fld-X% If the motor exerts a force of F = (600 + 25°) N F14-5
on the cable, determine the speed of the 100-kg crate when Fl4-6. The Sib collar is pulled by a cord that passes
it rises 1o & = 15 m. The crate is initially at rest on the around a small peg at €. If the cord is subjected 10 a constant
ground. M force of F = 101b, and the collar is at rest when it is at A,

determine its speed when it reaches 8. Neglect friction.

F=10h
Fld-6
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14.3 PrNCIFLE OF WoRK AND ENERGY FOR A SYSTEM OF PARTICLES 185

l4-6. When the driver applies the brakes of a light ruck
traveling 10 km/h, it skids 3 m belore stopping. How far will
the truck skid if it is traveling 30 km/h when the brakes are

applied?

Frob, 14-6

14-7. The 6lb block is released from rest al A and slides
down the smooth parabolic swiasce. Determine the
maximum compression of the spring.

- P (] -

k

I'roh, 14-7

*14-8. The spring in the toy gun has an unstretched
length of 100 mm. It is compressed and locked in the
position shown. When the trigger is pulled, the spring
unstretches 125 mm, and the 20-g ball moves along the
barrel. Determine the speed of the ball when it leaves the
gun. Neglect friction.

S mim

-|- 150 mm
LD

1

k=32 kNm |.

Froh, 14-8

*14-9. Springs AB and CD have a stiffness of k = 300 N/m
and k' = 200 N/m, respectively, and both springs have an
unstretched length of 600 mm. Ifthe 24kg smooth collar starts
from rest when the springs are unsiretched, determine the
speed of the collar when it has moved 200 mm.

F=150N8

C &' = 200N/m g

. S mm - Gllmm -
Prob. 14-9

14-10. The 2-Mg car has a velocity of vy = 100km/h when
the driver sees an obstacle in front of the car. Ifit takes 0.75 s
for him 10 react and lock the brakes, causing the car 1o skid,
determing the distance the car travels before it stops. The
coelficient of kinetic friction between the tires and the road
is py = 025,

14-11. The 2-Mg car has a velocity of w = 100km/h
when the driver sees an obstacle in front of the car. It takes
0.75 s for him to react and lock the brakes, causing the car 1o
skid. Il the car stops when it has traveled a distance of 175 m,
determine the coefficient of kinetic friction between the
tires and the road

iy = j km'h

_ =

o &

Probs, 14-10/11
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186 CHAPTER 14

*14-1L. The 10-Ib block 5 released from rest at A.
Determine the compression of each of the springs after the
block strikes the platform and is brought momentarily to
rest. Imitially both springs are unsireiched. Assume the
platform has a negligible mass,

k& = 30 1hfim,
k= 45 |hfin.

1in.}

Prob. 14-12

14-13. Determing the velocity of the 60-1b block A if the
two blocks are released from rest and the 40-1b block B
moves 2 {1 up the incling, The coeflicient of kinetic friction
between both blocks and the inclined planes is g = 0,10,

Prob. 14-13

KINETICS OF A PARTICLE: WORK AND EMERGY

14-14. The force F, acting in a constani direciion on the
20-kg block, has a magnitude which varies with the position
5 of the block. Determine how far the block slides before its
velocity becomes 5 m/s. When s = 0 the block 1s moving to
the right at 2mjs. The coefficient of kinetic [riciwon
between the block and surface s pg = 0.3

14-15. The force F, acting in a constant direction on the
20-kg block, has a magnitude which varies with position s of
the block. Determine the speed of the block after it shdes
3 m. When 5 = 0 the block is moving to the right at 2 m/s.
The coeflicient of Kinetic friction between the block and
surface is p; = 0.3

FN)

s{m)
Prob, 14-15

14-16. A rocket of mass m is fired vertically from the
surface of the earth, iLe.. at r = r. Assuming no mass is lost
as it travels upward, determine the work it must do against
gravity to reach a distance r,. The force of gravity is
F = GMm/r* (Eq. 13-1), where M, is the mass of the earth
and r the distance beiween the rocket and the cemter of
the earth.

Prob. 14-16
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4-22. The 2-1b box slides on the smooth circular ramp. 1f
he box has a velocity of 30 fi/s at A, determine the velocity
f the box and normal force acting on the ramp when the
0x is located at B and C. Assume the radius of curvature of
he path at C is still 5 fu.

30 /s
".
A

Prob, 14-22

4-2), Packages having a weight of 30 |b are delivered 1o
he chute at vy = 3 fi/s using a conveyor bell. Determine
heir speeds when they reach points B, €, and D. Also
alculate the normal force of the chute on the packages at §
nd C. Neglect friction and the size of the packages.

Prob. 14-23

CHarTEr 14 KineTics OF & PaArRTICLE: WORK AND ENERGY

*14-24. The 2-Ib block slides down the smooth parabolic
surface, such that when it is at A it has a speed of 10 fi/s.
Determine the magnitude of the block’s velocity and
acceleration when it reaches point B, and the maximum
height Vo, reached by the block.

1

Prob, 14-24
*14-25. The skier staris from rest at A and travels down
the ramp. If friction and air resistance can be neglected,
determine his speed vy when he reaches B. Also, [ind the
distance s to where he strikes the ground at C, if he makes
the jump traveling horizontally at 8. Neglect the skier's size,
He has a mass of 70 kg

Prob, 14-25

14-26. The crate, which has a mass of 100 kg, is subjected
to the action of the two lTorces If it is originally at resi,
determine the distance it slides in order Lo attain a speed ol
6 m/s The coefficient of kinetic friction between the crale
and the surlace is py = 0.2,

1000 N

Proh, 14-26
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190 CHapPTER 14

14-31. Marbles having a mass of 5 g fall from rest at A
through the glass tube and accumulate in the can at C.
Determine the placement & of the can from the end of the
tube and the speed at which the marbles fall into the can.
Meglect the size of the can.

e A

1

\
im

-
2m
¢
] | III II
- ﬂ -
Prob. 14-31

*14-3L The ball has a mass of 05 kg and s suspended
from a rubber band having an unstretched length of | m
and a stiffness k& = 50 N/m. If the support at A to which the
rubber band is attached is 2 m from the floor, determine the
greatest speed the hall can have at A so that it does not
touch the floor when it reaches its lowest point B. Neglect
the size of the ball and the mass of the rubber band.

J

ra
-

Prob. 14-32

=14-33. If the coefficient of kinetic fnction between the
100-kg crate and the plane is p; = 025, determine the
compression ¥ of the spring required to bring the crate
momentarily to rest. Initially the spring is unstretched and
the crate IS at rest.

14-3. Ii the coeffiicieni of Kinetic incion beiween the
100-kg crate and the plane is p; = 025, determine the
speed of the craie at the insiani the compression of
the spring is x = 15 m. Initially the spring is unstretched
and the crate s al rest

Probs. 14-33/34

14-35. A 2-lb block resis on the smooth semicylindnical
surface. An elastic cord having a stiffness k = 2 lb/It is
attached to the block at 8 and to the base ol the
semicylinder at point C. If the block is released from rest at
A(# = 0°), determine the unstretched length of the cord so
that the block begins to leave the semicvlinder at the instant
fi = 457, Neglect the size of the block.

Prob. 14-35
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