12.6 Motion of a Projectile

The free-flight motion of a projectile i1s often studied in terms of its
rectangular components. To illustrate the kinematic analysis, consider a
projectile launched at point (x;, ), with an initial velocity of v, having
components (v}, and (v, ),, Fig. 12-20. When air resistance 1s neglected,
the only force acting on the projectile i1s its weight, which causes the
projectile to have a constant downward acceleration of approximately
i, = p = 9§] rt1J.’5-." org = 32.2 ft/s’."
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Fig. 12-20

Horizontal Motion. Since a, = 0, application of the constant
acceleration equations, 1 2-4 to 12-6, yields

|: +. ] = Uy + . Ve ™ 4"1.111
|:_t" ) X=Xpt+ tpl + ";:”Ir.‘.: X = Xy + (vg)d
() v = o} + 2a(x = x): vy = (),

The first and last equations indicate that the horizontal component of

velocity always remains constant during the motion.

Vertical Motion. Since the positive y axis is directed upward, then

a, = —g. Applying Eqs. 12-4 to 12-6, we get

-.’—‘] =y + a.d; v, = (vp), gi

(+1) y =+ vt + zal’; y =+ (w)s - 1gd
(+1) = uf + 2a.(y = wh vl = (vo)? = 2g(y — W)

Recall that the last equation can be formulated on the basis of eliminating
the time ¢ from the first two equations, and therefore only two of the
above three equations are independent of one another.

* This assumes that the earth’s gravitational fiekd does not vary with altitude.

Each picture in this sequence is taken
after the same time interval. The red ball
falls from rest, whereas the vellow ball is
given a horizontal velocity when released.
Both balls accelerate downward at the
same rate, and so they remain at the same
elevation at any instant. This acceleration
causes the difference inelevation between
the balls to increase between successive
photos. Also, note the horizontal distance
between successive photos of the yellow
ball is constant since the velocity in the
horizontal direction remains constant.



Cirnvel falling off the end of this conveyor
belt follows a path that can be predicled
using the equations of constant acceberation,
In this way the location of the accumulated
pile can be determined. Rectangular
coordinates are used for the analysis since
the acceleration is only in the vertical
iirection,

To summarize, problems involving the motion of a projectile can have
at most three unknowns since only three independent equations can be
written; that is, one equation in the horizontal direction and two in the
vertical direction. Once v, and v, are obtained, the resultant velocity v,
which is always tangent to the path, can be determined by the vector sum
as shown in Fig. 12-20,

Procedure for Analysis

Coordinate System.

* Establish the fixed x, v coordinate axes and sketch the trajectory
of the particle. Between any two points on the path specify the
given problem data and identify the three unknowns. In all cases
the acceleration of gravity acts downward and equals 9.81 m/s*
or 32.2 ft/s*. The particle's initial and final velocities should be
represented in terms of their x and y components.

* Remember that positive and negative position, velocity, and
acceleration components always act in accordance with their
associated coordinate directions.

Kinematic Equations.

¢ Depending upon the known data and what is to be determined, a
choice should be made as to which three of the following four
equations should be applied between the two points on the path
to obtain the most direct solution to the problem.

Horizontal Motion.

®* The velocity in the horizontal or x direction is constan, ie.,
vy = (th)y, and

X =xy+ ()t

Vertical Maotion.

® In the vertical or y direction only two of the following three
equations can be used for solution.

v = (), + ad
y =+ (w)t + jas
v} = ()2 + 2a.(y = n)

For example, if the particle’s final velocity v, is not needed, then
the first and third of these equations will not be useful.
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EXAMPLE |12.11

A sack slides off the ramp, shown in Fig. 12-21, with a horizontal
velocity of 12 m/s. If the height of the ramp is 6 m from the floor,
determine the time needed for the sack to strike the floor and the
range K where sacks begin to pile up.

Fig. 12-21

SOLUTION

Coordinate System. The origin of coordinates is established at the
beginning of the path, point A, Fig, 12-21. The initial velocity of a sack has
components (v4), = 12 m/sand (v,), = 0. Also,between points A and
B the acceleration is a, = —9.81 m/s’. Since (vg), = (v4), = 12 m/s,
the three unknowns are (vg),, R, and the time of flight 1 44. Here we do
not need to determine (vg),.

Vertical Motion. The vertical distance from A to B is known, and
therefore we can obtain a direct solution for £ 44 by using the equation

& yp=ya* [‘-’.-thf,am"'%"-:ffm
=6m =0+ 0 + §(~9.81 m/s*)t% 4
tag = 1.11s Ans.

Horizontal Motion. Since 1,454 has been calculated, R s determined
as follows:
( i"] Xg = xa+ (Va)utan

R=0+12m/s (1.115)

R=133m Ans,

NOTE: The calculation for 44 also indicates that if a sack were
released from rest at A, it would take the same amount of time to strike
the floor at C, Fig. 12-21.
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EXAMPLE |12.12

The chipping machine is designed to eject wood chips at v, = 251ft/s
as shown in Fig. 12-22. If the tube is oriented at 30° from the
horizontal, determine how high, &, the chips strike the pile if at this
instant they land on the pile 20 ft from the tube.

Fig, 12-22

SOLUTION

Coordinate System. When the motion is analyzed between points
O and A, the three unknowns are the height A, time of flight ¢4, and
vertical component of velocity (v4),. [Note that (v,), = (vg),.] With
the origin of coordinates at @, Fig. 12-22, the initial velocity of a chip
has components of

(vo), = (25 cos 30°) ft/s = 21.65ft/s—
(vo), = (255in 30°) fi/s = 12,5 ft/s]
Also, (v4), = (vg), = 2165 ft/s and @, = =32.2 ft/s’. Since we do

not need to determine (v,),. we have
Horizontal Motion.
( = ) Xa = Xo + (Vo)doa

0it=04+ Itll.ﬁﬁ ft,-"s,'l.!',m

fog = 09238 s

|

Vertical Motion. Relating 1,4 to the initial and final elevations of a
chip, we have

(+1)  ya = Yo + (vo)ytoa + Jacth,
(h = 41t) = 0 + (12.51/5)(0.9238 s) + §(=32.2f1/5")(0.9238 5)’
h = |.B1ft Ans.

NOTE: We can determine (v4), by using (v4), = (vo), + adoa.
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The track for this racing event was designed so that riders jump off the
slope at 307, from a height of 1 m. During a race it was observed that
the rider shown in Fig. 12-23a remained in mid air for 1.5 s. Determine
the speed at which he was traveling off the ramp, the horizontal
distance he travels before striking the ground, and the maximum
height he attains. Neglect the size of the bike and rider.

SOLUTION

Coordinate System. As shown in Fig. 12-23b, the origin of the
coordinates is established at A. Between the end points of the path
AB the three unknowns are the initial speed v,, range R, and the
vertical component of velocity (vg),.

Vertical Motion. Since the time of flight and the vertical distance
between the ends of the path are known, we can determine v 4.

(+1) ya=ya+ (Va)das + %HL-!'?AE
—1m =0 + v,s5in30°(1.5s) + 3(—9.81 m/s?)(1.55)°
vy = 1338 m/s = 134 m/s Ans.
Horizontal Motion. The range R can now be determined.
(=) Xg = Xat (Va)das
R=0+ 1338cos30° m/s(1.5s)
= 174 m Ans.

In order to find the maximum height & we will consider the path
AC, Fig. 12-23b. Here the three unknowns are the time of flight ¢ 4,
the horizontal distance from A to C, and the height h At the
maximum height (v-), = 0, and since v, is known, we can determine
h directly without considering ¢, using the following equation.

{Uc'.ﬁ- = '[“.4]',3— + 2a.[yc — yal
0? = (1338 sin 30° m/s)? + 2(—9.81 m/s?)[(h — 1 m) — 0]
h=328m Ans.

NOTE: Show that the bike will strike the ground at B with a velocity
having components of

(vg)y = 11.6m/s—, (vg), = 8.02m/sl
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l . FUNDAMENTAL PROBLEMS

F12-15. If the x and y components of a particle’s velocity
are v, = (32) m/s and v, = 8 m/s, determine the equation
of the pathy = f(x). x = 0and y = O whent = 0.

F12-16. A particle is traveling along the straight path. If its
position along the xaxis is x = (8)m, where ¢ is in
seconds, determine its speed when t = 25,

¥
¥ =075
Im
X
x=H8
* 4m
F12-16

F12-17. A particle is constrained to travel along the path.
If x= (4r')m, where ¢t is in seconds, determine the
magnitude of the particle’s velocity and acceleration when

(=038

F12-18. A particle travels along a straight-line path
¥ = 05x. If the x component of the particle’s velocity is
U, = {2::} m/s, where ¢ is in seconds, determine the
magnilude of the particle’s velocity and acceleration
when t = 45,

¥

"

y = [.5x

Fl12-18

FI2-19. A particle is traveling along the parabolic path
y = 0.25¢% If x = (2¢*) m, where ¢ is in seconds, determine
the magnitude of the particle's velocity and acceleration

whent = 24
/l}.:ﬁr‘
/ X

F12-19

F12-20. The position of a box sliding down the spiral can
be described by r = [2sin (20)i + 2 cost] — 20°k] f1, where
tis in seconds and the arguments for the sine and cosine are
in radians. Determine the velocity and acceleration of the
box whent = 25

¥

F12-20
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F12-21. The ball is kicked from point A with the initial
velocity vy = 10 m/s. Determine the maximum height & it
reaches

F12-22. The ball is kicked from point A with the initial
velocity vy = 10 m/s. Determine the range R, and the
speed when the ball strikes the ground.

F12-21/12

F12-23. Determine the speed at which the basketball at A
must be thrown at the angle of 307 so that it makes it to the
basket at H.

Fi12-2}

Fl2-24. Water is sprayed at an angle of 907 from the slope
at 20 m/s. Determine the range K.

F12-24

12.6 MOTION OF A PROJECTILE 45

the wall at B, determine the minimum magnitude of its

F12-25. A ball is thrown from A.1{itis required to clear I
1
initial velocity v,

F12-15

FiZ-26. A propctile s fired with an initial velocity of
vy = 150 m/s off the roofl of the building. Determine the
range R where it strikes the ground at .

¥
Ua = 150m/s
a/ﬁ- ., "
150m
—— — 11--5—-
R
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12.6 MOTOM OF & PROECTL 47

s]2-Hl. A i le vravels along the circular path from A Lo #2-BL The path of a particle is defined by v kv amd
Hinls ot inkes 3 & for il b g frasmm A o O, determine s the comjpe srcil al vebocuy along the v axis | © . wheie
averagd velocily whien 1 goes From 8B o f both & and ¢ are constanti Delermine the © and »
£ |l!||Fl-.-|:||,'||!-.-.-i acceleration when v 17
¥ s]2-H8, A Il\.lrtl-\.l-\.' moves abofig The Cuive v 1 { x5 f8UR0)
where x and v are in [L. If the velocity componcni in the 1
directon 15 v, 2itSs and remais cosudand, deteimune the
7 magnitludes of (he velocy and scocloration when x 200
S M) L
T ! 12-86. The motorcycle travel with constant speed oy, along
M m 0 the l'-.n.lh that, lof & shorl detlance, lakes the lorm of a sine
curve. Determine the r and v com poncnts of its velocity at
any mslant on the Curve
-
i
L
. K

Proh. 12-81 - i sin [ 7)
o :
-~ ---J--_. - —_— i

LI-8i. A cartravels cast £ km for 5 minutes, then north 3 km
for & minuwles, and then west 4 km for 10 minutes. Delermine L I | - o
the total distance traveled and the magnitude of displacement

of the car. Also, what is the magnitude of the average velocity Proh. 12-56

and the average speed?
12-87. The skateboard rider leaves the ramp at A with an

12-8% The roller coaster car travels down the helical path at initial velocity v, at & 30° angle. If he strikes the ground at
constant speed such that the parametric equations that define B determine v, and the time of {light
s posifion are ¥+ = csin ki, ¥ = coos ki, § = h — bi, where
., and b are constanis. Determine the magnitudes of its v, _#
velocity and acceleration. i =
I m
Aﬁ i B
- 5 m =

Biow = Prob. 12-87

o/ ol -4 e B Sl *12-88. The pitcher throws the basehall horizontally with a
S — e i_,ff_";-{,_;--- { speed of 140 ftys from a height of 5 L If the batter 15 60 fit
g j . e ik away, determine the time for the ball to armive at the batier

515 ~ ] N and the height b at which it passes the batter
'DF >,H’T}Cf g, - '_ }
MPIS S 2
###;-" = % ‘-ﬂ: r “.' .f'.l

Prob. 12-83 Prob. 1288



48 CHAPTER 12 KINEMATICS OF A PARTICLE

#12-89. The ball is thrown off the top of the building. If it
strikes the ground at B in 3 & determine the initial velocity
v, and the inclination angle # 4 at which it was thrown. Also,
find the magnitude of the ball's velocity when it sirikes the
ground.

sl 1

Prob. 12-89

12-90. A projectile is fired with aspeed of v = 60 m/s at an
angle of 60°. A second projectile is then fired with the same
speed 05 s later. Determine the angle 8 of the second
projectile so that the two projectiles collide. At what
position (x, v) will this happen?

12-9L. The fireman holds the hose at an angle 8 = X" with
horizontal, and the water is discharged from the hose at A
with a speed of v, = 40ft/s. If the water stream sirikes the
building at B, determine his two possible distances s from
the building.

i

Prob. 12-91

*12-92. Water is discharged from the hose with a speed of
40ft/s. Determine the two possible angles 8 the fireman can
hold the hose so that the water strikes the building at B.
Take s = 20 L
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*12-93. The pitching machine is adjusted so that the
baseball is launched with a speed of vy = 30m/s. If the ball
strikes the ground at B, determine the two possible angles 64
at which it was launched.

ag Nap

10 T

30 m

Prob. 12-93

12-94, It i1s observed that the time {or the ball to strike the
ground at B is 2.5 s. Determine the speed v, and angle 8, at
which the ball was thrown,

Prob. 12-94

12-95. If the motorcycle leaves the ramp traveling at
110 ft/s, determine the height & ramp B must have so that
the motorcycle lands safely.

o,
0 T
ol ot i R,
S 3501t |8

*12-96. The bascball player A hits the bascball with
vy = 40Mi/s and 8,4 = 60°. When the ball is directly above
of player B he begins 1o run under it. Determine the
constant speed vg and the distance o at which B must run in
order to make the caich at the same elevation at which the
ball was hil.

s r— e

*12-97. A boy throws a ball at O in the air with a speed
at an angle 8,. If he then throws another ball with the same
speed wy, at an angle #; < 6, determine the lime between
the throws so that the balls collide in mid air at B.

P g,
4 i
ﬂl ' |
| Prob. 12-97
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12-98. The golf ball is hit at A with a speed of vy = 40m/s
and directed at an angle of 30° with the horizontal as
shown. Determine the distance o where the ball strikes the
slope at 8.

Prob. 12-98

12-99. If the football is kicked at the 45" angle, determine
its minimum initial speed v 4 so that it passes over the goal
post at C. At whal distance 5 from the goal post will the
football strike the ground at 57

*12-100. The velocity of the water jet discharging from the
orifice can be obtained from v = V2gh. where h = Zm is
the depth of the orifice from the free water surface.
Determine the time for a particle of water leaving the orifice
to reach point B and the horizontal distance x where il hits
the surface.

i5m

Prob. 12-100

#12-101. A projectile is fired from the platform at B. The
shooter fires his gun from point A at an angle of 30°
Determine the muzzle speed of the bullet if it hits the
projectile at C.

(Fa]

/y 10m
EH

A
[I 1&m ||

= 20m =

Prob. 12-101
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12-107. The fireman wishes to direct the flow of water
from his hose to the fire at B Determine two possible
angles #; and 6, at which this can be done. Water flows from
the hose at vy = 80 /s,

L kLY .

Prob. 12-107

*12-108, Small packages traveling on the conveyor belt fall
off into a l-m-long loading car. If the conveyor is running at a
constant speed of vy = 2 m/s, determine the smallest and
largest distance R at which the end A of the car may be
placed from the conveyor so that the packages enter the car.

*12-109. Determine the horizontal velocity v, of a tennis
ball at A so that it just clears the net at B. Also, find the

distance 5 where the ball strikes the ground.

—s—F 211

Prob. 12-109

12-110. It is observed that the skier leaves the ramp A at an
angle #, = 25° with the horizontal. If he strikes the ground
at B, determine his initial speed v, and the time of flight 1,44

Prob. 12-108

Prob. 12-110
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